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Amenable subgroups of Homeo(R) with large characterizing
quotients
Azer Akhmedov
ABSTRACT: We construct a finitely generated solvable subgroup of Homeo+(R)
with non-metaabelian characterizing quotient.
In [Be], the author claims a certain classification result for subgroups
of Homeo+(R) - the group of orientation preserving homeomorphisms
of the line. Shortly after the appearance of the first version of his
paper, a well known immediate counterexample was pointed out (by
us, Matthew Brin, and Andre´s Navas). The author has stated he can
correct the paper by essentially adding a hypothesis about the existence
of a freely acting element.
In this paper we disprove a major claim of the last version of [Be]
(Theorem B*). For the sake of completeness let us quote the statement
of this theorem from [Be]:
Theorem B*. Let G be a subgroup of Homeo+(R) with a freely acting
element. Then either the quotient group G/HG is not amenable or
the quotient group is solvable with solvability length not greater than 2.
Specified alternative is strict and so it does not allow the simultaneous
fulfillment of the conditions.
We prove the following theorem to contradict this statement.
Theorem 1. There exists a finitely generated solvable subgroup Γ of
Homeo+(R) with a freely acting element such that Γ/HΓ has solvability
length greater than 2.
The subgroup HΓ is defined in [Be]. For the sake of completeness
we will recall the definition of it below but the only thing the reader of
this paper needs to know (about the definition of HΓ) is that a freely
acting element of Γ does not belong to HΓ. The quotient Γ/HΓ turns
out to be a very meaningful object. It has some characterizing power,
therefore Theorem B* seemed very interesting to us.
Besides the quotient Γ/HΓ, another major characteristics is the no-
tion of minimal set. Given a subgroup Γ ≤ Homeo+(R), a non-empty
closed Γ-invariant subset E ⊆ R is called a minimal set of Γ if it does
not contain a proper non-empty closed Γ-invariant subset. If there is
1
2no such set E then by definition we assume that the minimal set is
empty.
For finitely generated subgroups of Homeo+(R), there exists a non-
empty minimal set. (cf.[Be] or [N]).
Let us now quote the following definition from [Be].
Definition 1. For a subgroup Γ of Homeo+(R), the normal subgroup
HΓ is defined as follows:
1) if the minimal set (denoted by E(Γ)) is neither empty nor discrete
then
HΓ = {h ∈ Γ | E(Γ) ⊆ Fix(h)}
2) if the minimal set is non-empty and discrete then HΓ = Γ
s (here
Γs = ∪t∈RStΓ(t), i.e. Γ
s denotes the union of stabilizers of all points
t ∈ R).
3) if the minimal set is empty then HΓ = 1.
The reader is referred to [Be] for well definedness of the subgroupHΓ.
Notice that the set Γs is not necessarily a subgroup of Γ, in general.
However, it is a very nice lemma [Be] that a subgroup generated by Γs
either coincides with Γs or coincides with Γ itself.
Remark 1. The condition about existence of a freely acting element
is indeed very interesting. For example, if all non-identity elements of
a subgroup Γ of Homeo+(R) act freely then the group is Archimedean
with a bi-invariant order, and therefore (by Ho¨lder’s Theorem) it is
Abelian ([cf.N]). If every non-identity element has at most one fixed
point then the group is meataabelian, even more specifically, it is iso-
morphic to a subgroup of the affine group Aff(R) as proved by Barbot
[Ba] and Kovacevic [K] (see [FF] for the history of this result). If every
non-identity element has at most N fixed points, where N is a fixed
positive integer, then we do not know what are the algebraic impli-
cations of this condition but it seems to us that this is an enormous
restriction on the group. For example, if Γ contains two distinct ele-
ments a, b such that am = bm for some non-zero integer m (for example,
the Klein bottle group K = 〈a, b |a2 = b2〉), then such Γ cannot satisfy
the above condition for any fixed N - the element ab−1 necessarily has
infinitely many fixed points.
Note: We are thankful to N.Guelman, A.Navas, and C.Rivas for
their interest in this work. In the first version of this paper, a long
overlooked error was pointed out to me by C.Rivas and N.Guelman.
3PROOF OF THEOREM 1.
We intend to construct a finitely generated solvable subgroup Γ of
Homeo+(R) such that Γ contains a freely acting element and Γ/HΓ is
not metaabelian. The only thing we need to know about the definition
HΓ is that a freely acting element does not belong to it.
Let Γ be a group generated by two elements t, a ∈ Γ. Let us assume
that the following conditions hold:
(i) Γ is a finitely generated solvable group of derived length at least
three;
(ii) Γ is left-orderable with a left order <;
(iii) There exists g ∈ Γ(2) such that for all f ∈ Γ, there exists a
positive integer n such that g−n < f < gn.
We are postponing the construction of Γ with properties (i)-(iii) till
the end.
Because of (i)-(iii), Γ is embeddable in Homeo+(R). Moreover, we
can embed Γ faithfully in Homeo+(R) such that the following conditions
hold:
(c1) if g1, g2 ∈ Γ, g1 < g2 then g1(0) < g2(0) (in particular, g(0) > 0
for all positive g ∈ Γ);
(c2) Γ has no fixed point.
Let us also observe that if all conditions (i)-(iii) and (c1)-(c2) hold
then the element g of Γ(2) necessarily acts freely.
Construction of Γ: Let us now construct Γ with properties (i)-
(iii). We will write Sol(2, d) to denote the free solvable group of derived
length d ≥ 1 on the set A = {a, b}. The group Γ will be isomorphic to
a certain subgroup of Sol(2, 3); so Γ has a relatively simple algebraic
structure. However, we will put a left order in it which is not induced
by the most natural left order that one considers in Sol(2, 3).
Let also F, L be the free group and the free metaabelian group on
the same alphabet A respectively, and G(L,A) be the Cayley graph of
L with respect to the generating set A. Any element w ∈ Sol(2, 3) can
be written as a word W (a, b) ∈ F in the alphabet A. This word is not
unique but if W1 is another such word, then W and W1 go over every
oriented edge e of G(L,A) the same number of times. We will write
N(e, w) to denote this number. For a word w ∈ F , we will write w to
denote the same word in L.
4For every oriented edge e = (u, v) in the Cayley graph G(L,A), we
have either v = uω or v = uω−1 where ω ∈ {a, b}; in the former case
we call the edge e positive, and in the latter case we call it negative.
The vertices u, v will be called the start and the end of the edge e
respectively; we will also write u = start(e) and v = end(e).
An element w ∈ L will be called an elementary loop if, as a word
in the alphabet A, it can be written as W (a, b) = g1aba
−1b−1g−11 or
W (a, b) = g2bab
−1a−1g−12 where g1 (g2) is represented by a path a
mbn in
the Cayley graph G(L,A). In the former case, w will be called positive
and in the latter case it will be called negative. The point (n,m) ∈ Z2
will be called the neck of the loop w. Now, an element w ∈ Sol(2, 3)
will be called a positive (negative) loop if it is represented by a word
W =W (a, b) such that the word W is a positive (negative) loop.
Let S = {s1, s2, . . . } be a set of positive loops of Sol(2, 3) such that
for all m,n ∈ Z, there exists i ≥ 1 such that si = a
mbn[a, b]b−na−m,
moreover, si and sj have different necks for all i 6= j. Let also G be
the subgroup of Sol(2, 3) generated by S, and L′ be the free Abelian
group over the set S. Again, by an abuse of notation, for a word
w representing an element of G, we will write w for the same word
in L′. We let G(G, S) be the Cayley graph of G with respect to the
generating set S, and G(L′, S) be the Cayley graph of L′ with respect
to the generating set S. In the Cayley graph G(L′, S) we define positive
and negative edges similarly: for an edge e = (u, v) in the Cayley graph
G(L′, S), we have either v = uω or v = uω−1 where ω ∈ S; in the former
case we call the edge e positive, and in the latter case we call it negative.
Let also γ1, γ2, α1, α2, α3, . . . be positive real numbers which are al-
gebraically independent over the rationals (i.e. there exists no non-
zero polynomial P (z1, . . . , zn) over Z such that P (a1, . . . , an) = 0, for
some n distinct elements a1, . . . , an of the set {γ1, γ2, α1, α2, α3, . . . }),
and δ1, δ2, β1, β2, β3, . . . be positive real numbers rationally independent
over the field generated by γ1, γ2, α1, α2, α3, . . . .
For every w ∈ Sol(2, 3) we can write w as a a reduced word w =
W (a, b) = x1x2 . . . xn where xi ∈ {a, a
−1, b, b−1}, 1 ≤ i ≤ n. Then the
word w = W (a, b) represents an element ambn ∈ L for some m,n ∈ Z,
and we can define λ1(w) = γ
m
1 γ
n
2 , and
Λ1(w) =
∑
e∈E+(W )
β(e)N(e, w)λ1(start(e))−
∑
e∈E
−
(W )
β(e)N(e, w)λ1(end(e))
5where E+(W ), E−(W ) denote the set of positive and negative edges of
the path W respectively; β(e) = δ1 if e is parallel to the edge (1, a),
and β(e) = δ2 otherwise.
The quantity Λ1(w) does not depend on the choice of the representa-
tive wordW . Moreover, for all w,w1, w2 ∈ Sol(2, 3), if Λ1(w1) > Λ1(w2)
then Λ1(ww1) > Λ2(ww2). Indeed, we will have Λ1(ww1) = Λ1(w) +
λ1(w)Λ1(w1); similarly, Λ1(ww2) = Λ1(w) + λ1(w)Λ1(w2).
However, if w belongs to the second commutator subgroup of Sol(2, 3)
then Λ1(w) = 0. On the other hand, if w does not belong to the second
commutator subgroup of Sol(2, 3) then by the choice of γ1, γ2, δ1, δ2 we
have Λ1(w) 6= 0. This allows us to define a left order in Sol(2, 2)
(instead of Sol(2, 3)) as follows: for g1, g2 ∈ G we let g1 < g2 if
Λ1(g1) < Λ1(g2).
Now we will find a similar left order in a certain subgroup Sol(2, 3)
which has derived length three. For every w ∈ G we can write w as a
reduced word W (s1, s2, . . . ) = x1x2 . . . xn ∈ G where xi ∈ S ∪ S
−1, 1 ≤
i ≤ n. Then w = Π
i≥1
si
ni for some integer exponents n1, n2, . . . . We
define λ(w) = Π
i≥1
αnii and
Λ(w) =
∑
e∈E+(W )
β(e)N(e, w)λ(start(e))−
∑
e∈E
−
(W )
β(e)N(e, w)λ(end(e))
whereW ∈ L′ is a representative of the element w ∈ G, and E+(W ), E−(W )
denote the set of positive and negative edges of the pathW respectively,
in the Cayley graph G(L′, S); also, if e is parallel to the edge (1, si) then
we let β(e) = βi.
Let us emphasize that the quantity Λ(w) does not depend on the
choice of the representative word W . Moreover, for all w,w1, w2 ∈ G,
if Λ(w1) > Λ(w2) then Λ(ww1) > Λ(ww2). This allows us to define the
left order in G as follows: for g1, g2 ∈ G we let g1 < g2 if Λ(g1) < Λ(g2).
Thus G satisfies conditions (i) and (ii). However, G is metaabelian
since it is a subgroup of the commutator subgroup of Sol(2, 3).
Now we are ready to introduce the group Γ. To do this, we take the
loops
x = a[a, b]a−1, y = a2[a, b]a−2, z = a4[a, b]a−4, t = a8[a, b]a−8
and let Γ be the subgroup of Sol(2, 3) generated by the elements
θ = bx, η = b2y, ξ = b4z, ζ = b8t.
6Any element w ∈ Γ can be written canonically as w = bnu or w = ubn
where u ∈ G, n ∈ Z. We extend the map Λ : G → R to the subgroup
Γ as follows: if w = bnu we let Λ(w) = Λ(bnub−n), and if w = ubn we
let Λ(w) = Λ(u).
Now, we make an important observation that if w ∈ Γ(2) then
Λ(wm) = mΛ(w).
Now, we let g = [[θ, η], [ξ, ζ ]]. By replacing g with g−1 if necessary
it is immediate to see that g satisfies condition (iii). Indeed, with-
out loss of generality we may denote the positive loops with the neck
at the points (1, 1), (3, 2), (3, 1), (2, 2), (4, 4), (12, 8), (12, 4), (8, 8) with
s1, . . . , s8 respectively. Then
Λ(g) = β1+α1β2−α1α2α
−1
3 β3−Aβ4+Aβ5+Aα5β6−Aα5α6α
−1
7 β7−ABβ8+
+ABβ4+α1α2α
−1
3 Bβ3−α1Bβ2−Bβ1+Bβ8+α5α6α
−1
7 β7−α5β6−β5
where A = α1α2α
−1
3 α
−1
4 and B = α5α6α
−1
7 α
−1
8 .
Finally, it remains to notice that, by the choice of the coefficients
αj, βj, j ≥ 1 we have Λ(g) 6= 0.
Remark 2. The construction for the proof of Theorem 1 can be gen-
eralized to obtain a finitely generated solvable group Γ of an arbitrary
derived length n such that Γ(n) possesses freely acting elements.
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